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Abstract 

We discuss a universahty property of any covariant field theory in space-time expanded 
around pp-wave backgrounds. According to this property the space-time lagrangian den- 
sity evaluated on a restricted set of field configurations, called universal sector, turns out 
to be same around all the pp-waves, even off-shell, with same transverse space and same 
profiles for the background scalars. In this paper we restrict our discussion to tensorial 
fields only. In the context of bosonic string theory we consider on-shell pp-waves and ar- 
gue that universality requires the existence of a universal sector of world-sheet operators 
whose correlation functions are insensitive to the pp-wave nature of the metric and the 
background gauge fiux. Such results can also be reproduced using the world-sheet confor- 
mal field theory. We also study such pp-waves in non-polynomial closed string field theory 
(CSFT). In particular, we argue that for an off-shell pp-wave ansatz with flat transverse 
space and dilaton independent of transverse coordinates the fleld redeflnition relating the 
low energy effective fleld theory and CSFT with all the massive modes integrated out is 
at most quadratic in flelds. Because of this simpliflcation it is expected that the off-shell 
pp-waves can be identifled on the two sides. Furthermore, given the massless pp-wave 
fleld conflgurations, an iterative method for computing the higher massive modes using 
the CSFT equations of motion has been discussed. All our bosonic string theory analyses 
can be generalised to the common Neveu-Schwarz sector of superstrings. 
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1 Introduction and Summary 

In a previous work [1] we argued that string theory in the maximally super symmetric 
type IIB plane wave background with constant five-form Ramond-Ramond (RR) flux 
(RR plane wave) [2] possesses a universality property. According to this property there 
exists a universal sector of string configurations for which the classical space-time action 
evaluated around the RR plane wave takes the same value as in fiat space. The argument 
leading to this property involved showing that the relevant light-cone world-sheet theory 
[3, 4] has certain properties that are required to hold in order for the universal sector to 
exist. By looking at the other examples of pp- waves where string theory has been studied 
in light-cone gauge, this universality property was then generalised to all the exact string 
solutions of pp-wave type, hereafter called exact pp-waves, with the same profile for the 
dilaton. 
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The original motivation for this work was to study open string tachyon condensation 
[5] in RR backgrounds. In fact, it was argued that the above universahty property ap- 
phed to the D-brane worldvolume actions has the following indication: For every D-brane 
configuration extending along the light-cone directions in flat space there exists a cor- 
responding D-brane conflguration in each of the relevant pp-waves. Moreover for unstable 
configurations the tachyon potential is universal. The aforementioned correspondence is 
in the sense that the tachyon solutions representing such D-branes in the worldvolume 
theory on an unstable D-brane configuration are universal. This also implies the same 
D-brane descent relations of flat space [6] in case of the relevant D-branes in pp-waves. 

The above argument is based on the classical theory in space-time and therefore un- 
derstanding of the systematics of the string loop expansion in RR backgrounds seems 
important in this case^. Assuming this reliability, if correct, the above results are non- 
trivial at least for the following reasons: The universality of tachyon potential is a new 
result for an RR background which does not follow from the analysis of [7] . Once we know 
how to formulate open string fleld theory in an RR pp-wave, we have a prediction for the 
tachyon potential. Moreover, the universal sector of D-branes contain non-BPS D-branes 
which are difficult to study using a manifestly supersymmetric formalism [8, 9, 10, 11]. 
The open string boundary condition for the world-sheet fields that are space-time spinors 
were found in [10] to be bi-local in fiat background. This boundary condition should have 
proper generalisations to other relevant pp-waves^. 

Although the arguments of [1], which was designed to relate the space-time theory 
and the light-cone world-sheet theory, showed the existence of a universal sector of string 
configurations, its precise description was not found. It was also not clear whether string 
theory plays any special role as long as the universality is concerned. The purpose of 
the present paper is to go beyond the "hght-cone argument" of [1] and study the uni- 
versality property further with a fully covariant treatment. The results of this paper are 
summarised below: 

1. We consider an arbitrary covariant field theory of tensorial fields in space-time and 
define the universal sector of field configurations. We argue that the space-time 
lagrangian density evaluated around a pp-wave background, even off-shell, with the 
fiuctuations restricted to the universal sector, is insensitive to the pp-wave nature 

thank Asliokc Sen for emphasising this point. 
^This question wa studied in [1] for the case of type IIB RR plane wave. 
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of the background metric and background fluxes. 

2. Using the construction of bosonic non-polynomial closed string fleld theory (CSFT) 
[12, 13] in an exact pp-wave given in terms of the relevant world-sheet conformal 
field theory (CFT) we argue that universality requires the existence of a universal 
sector of world-sheet operators whose correlation functions are insensitive to the 
background gauge fiux and the pp-wave nature of the background metric. Such 
requirements can indeed be verified explicitly using the world-sheet CFT. 

3. Using the equivalence between the low energy effective field theory (EFT) and CSFT 
with all the higher massive modes integrated out, as formulated by Choshal and Sen 
in [14], we describe a general method of identifying between the two sides the off- 
shell pp-wave configurations with fiat transverse space and dilaton independent of 
the transverse coordinates. This method also includes an iterative procedure to 
compute all the massive field configurations using their equations of motion. 

Below we shall discuss these results in more detail following the same order. 

A pp-wave [15, 16, 17] admits a covariantly constant null Killing vector corresponding 
to translation of a particular coordinate v (or x~). Generically an {N + 2)-dimensional 
pp-wave can be obtained by attaching an A'"-dimensional euclidean space (called the trans- 
verse space) parameterised by a;^ (/ = 1, 2, • • • , N) with a two-dimensional space parame- 
terised by u (or x'^) and v such that the only non-zero component of the covariant metric 
tensor with a v index is Quv, which is constant. In Brinkmann coordinates [15] the pp-wave 
nature of the metric is manifested in the fact that the components guuiu, x) and gui{u, x) 
are generically non-zero, but independent of v as required by the null Killing symmetry. 
The background can also contain null gauge fiuxes and scalars, all independent of v. The 
universal sector of field configurations is obtained by restricting the number of covariant v 
indices with respect to the number of covariant u indices of a generic tensorial fiuctuation 
in a certain way and not letting the fiuctuation vary along v. By considering an arbitrary 
covariant field theory in space-time we argue that the effects of the background fluxes 
and the metric components guu and Qui are erased inside the universal sector so that the 
effective metric becomes: 
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where gu = Gj-j{u,x) is the transverse space metric which is also independent of v. 
This, however, is not true for the background scalar fields. Since the vacuum expectation 
value of a scalar field can be thought to determine the effective couplings of a theory, 
the universal sector should be sensitive to that value. This gives the complete covariant 
description of universality (for tensorial fields) as observed in [1] in the context of light- 
cone gauge. 

Given the above discussion, which directly concerns the space-time theory, we then 
proceed to study its relevance to string theory from the world-sheet point of view. Our 
discussion in the context of string theory will be restricted to bosonic strings which can 
be generalised to the common Neveu-Schwarz (NS) sectors of superstring theories. In 
this framework we deal with the world-sheet sigma model CFT corresponding to an exact 
pp-wave with dilaton independent of transverse coordinates [18, 19, 20, 21]. A natural 
framework where the above discussion of universality can be related to the world-sheet 
theory appears to be the closed string field theory (CSFT). Using the connection between 
CFT and CSFT^, we identify a set of operators in the CFT, called the universal sector 
of operators, which correspond to the universal sector of field configurations. We then 
argue that universality requires the correlation functions involving only such operators to 
be insensitive to the background gauge flux and the pp-wave nature of the background 
metric. More precisely, such correlation functions are expressed in terms of those in the 
effective background (1.1) with both the gauge flux and dilaton switched off. We verify 
these relations explicitly using the world-sheet theory. 

Finally we study pp- waves with flat transverse space and dilaton independent of trans- 
verse directions in CSFT. It was argued by Horowitz and Steif in [19] that certain more 
restricted pp-waves which are solutions of the low energy effective field theory (EFT) are 
also exact solutions in string theory to all orders in a' expansion. By exploiting certain 
special geometrical properties of the backgrounds it was argued that all the a' corrections 
to the EFT equations of motion drop off for these restricted pp-waves. This, however, is 
not true for the generic pp-wave ansatz of our consideration as described at the beginning 
of this paragraph. In this case one expects to receive corrections to all orders^. Certainly 
computing these corrections to arbitrarily high order seems impossible from the point of 
view of sigma model perturbation theory. Nevertheless, an encouraging feature is that all 

■^A CSFT is usually constructed with reference to a world-sheet CFT and it describes the space-time 
theory expanded around the corresponding backgroiuid. 

^It was argued in [20] that such corrections can give rise to new exact "stringy" solutions. 
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such corrections to the equation of motion are quadratic in fields. Since in the context of 
CSFT a' does not play the role of a small expansion parameter, one may wonder if such 
corrections can be computed using this framework. This, however, requires us to find 
the precise relation between EFT and CSFT. This problem was formulated by Ghoshal 
and Sen in [14], which we refer the reader to for the details. The basic idea behind this 
relationship is that after integrating out all the massive modes of CSFT by using their 
equations of motion one arrives at an effective field theory with the same massless dy- 
namical degrees of freedom as in EFT such that it is related to EFT through suitable field 
redefinition. Although this field redefinition is quite complicated in general, once known, 
it provides us with a map between the off-shell configurations of EFT and CSFT with 
all the massive fields integrated out. We point out that a Horowitz-Steif type argument 
implies that for a generic off-shell pp-wave ansatz with fiat transverse space and dilaton 
independent of transverse coordinates such field redefinitions simplify enormously to be- 
come at most quadratic in fields. Given this expectation we then proceed to formulate 
a CSFT computation that will enable us to find this field redefinition and therefore the 
off-shell map relating such pp-waves in EFT and CSFT. Moreover, it turns out that all 
the aforementioned a' corrections to the equation of motion are invariant under this field 
redefinition and therefore can be directly obtained from the relevant CSFT computation. 
This computation, however by itself, does not enable us to find the massive modes on 
the CSFT side given the profiles of the massless modes of EFT. To this end we discuss 
an iterative method of computing the massive modes of CSFT using their equations of 
motion. Therefore the whole construction enables us to find the CSFT solution for any 
exact pp-wave, given its form on the EFT side, or equivalently, given the world-sheet 
sigma model CFT^. 

It would be interesting to perform the relevant CSFT computations to realise the 
above procedure explicitly and find the desired a' corrections to the equation of motion. 
It would also be interesting to study the universality property by including the space-time 
spinors. Although we do not have a formulation of string field theory in RR backgrounds 
the world-sheet counterpart of universality can perhaps still be studied using a manifestly 
supersymmetric formalism such as pure spinor formalism [23]. 

The rest of the paper is organised as follows: The general discussion of the universality 
property of an arbitrary space-time theory has been given in sec. 2. Its world-sheet coun- 

^See [22] for an earlier discussion on this topic. 
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terpart in the context of string theory is discussed in sec. 3. Our discussion of pp- waves 
in CSFT has been given in sec.4. Several appendices contain various technical details. 

2 A Universality in PP- Waves 

In this section we shall elaborate on the universality property of a space-time theory and 
give its precise statement. We begin by discussing the generic form of the relevant back- 
grounds. These are pp-waves which admit a covariantly constant null Killing symmetry. 
The generic ansatz for an {N + 2) -dimensional pp-wave metric is given by [15, 16, 17], 

ds'^ = 2dudv + K{u, x)du^ + 2Ai{u, x)dudx^ + Gjj{u, x)dx^dx'^ . (2.1) 

We shall use /i = 0, 1,---,A^+1 for the (A^ + 2)-dimensional vector indices with / = 
1, 2, • • ■ , being the transverse space vector indices. The light-cone coordinates are u = 
x~^ = + x'^) and V = x" = "^(a^^"*""^ — a;"). K{u,x), Aj{u,x) and Gj-j{u,x) 

are certain arbitrary smooth functions. As mentioned earlier, all these functions are 
independent of f as a requirement of the null Killing symmetry generated by: (^^^ . In 
addition to the metric the background may contain gauge field fluxes which are null and 
scalars, all independent of v. For example, if the second rank anti-symmetric tensor^ b^^, 
and the dilaton D are switched on then the non-zero components are given as follows: 

Huij = Hij{u, x) = diBj{u, x) - djBi{u, x) , ^u, x) , (2.2) 

where H^^,p = d[^b^p] = dj)^p + djbp^, + dph^,^ is the gauge invariant flux. Hij{u,x), 
Bi{u,x) and $(m,x) are certain arbitrary functions independent of v. b^i, can therefore 
be chosen to have the following non-zero components: 

bui = -Bj{u,x) . (2.3) 

Notice that for arbitrary values of the functions appearing in eqs.(2.1) and (2.2) the 
background is in general off-shell. 

We shall now describe what we mean by a universal sector of field configurations with 
a simple example. Let us consider a scalar field propagating in the background pp-wave 

^We shall denote the metric, the second rank anti-symmetric tensor gauge field, its three-form field 
strength and the dilaton of the low energy effective field theory of string theory by gij,^,, h^v, H^vp and D 
respectively. 
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metric (2.1) with flat transverse space Gfj{u,x) = 5ij. The lagrangian density is taken 
to be, 



= ^|-g <t>^<t> , (2.4) 

where g — det g^^. It takes the value —1 whenever g^y is given by (2.1) (with flat transverse 
space) and the laplacian computed for such a metric is, 

□ = -^d.^^gr^'d.] , 

= 2dud, + {A'Ai - K)^^ - diA'd, - 2A'did, + dl , (2.5) 

where the transverse laplacian is 9^ = d^dj. Notice that all the terms in the lagrangian 
density containing the functions K{u,x) and Aj{u,x), which make the background non- 
trivially different from flat space, also contain derivatives with respect to v. It is therefore 
immediately clear that the configurations (f){u,x), independent of v, effectively see the 
background to be flat. In other words, for all backgrounds in (2.1) with Gfj = 6ij, 
C{4>{u,x)) is same and is equal to that computed in flat background. Therefore in the 
present example the universal sector of held conflgurations is given by the set of all 4>{u, x). 
Notice that by restricting held conflgurations to this sector we are mimicking the limit: 
K ^ 0, Aj ^ and therefore universality holds even for off-shell backgrounds. 

We shall now proceed to generalise the above discussion to any covariant space-time 
fleld theory which includes flelds of arbitrarily high integer spins and where all the space- 
time fields are allowed to fiuctuate. Let '4)^v...{v,u,x) be a tensor field of arbitrary rank 
in a given theory. Denoting its background value for an off-shell pp-wave configuration 
by ^^;/...(m, a;), we define the fiuctuations x^,^...(t', a;): 

'il)f,y...{v,u,x) = *^^...(ii,x) +Xnv-{v,u,x). (2.6) 

We shall now use notations il)(v,u,x), ^(m,x) and x(t;,M,a;) for the sets of all possible 
fields ip^iy...{v,u,x), their pp-wave background profiles and the corresponding fiuctuations 
respectively. If £('?/^(t', m, x)) denotes the covariant lagrangian density for the present 
theory, then the lagrangian density for fiuctuations: 

jC'^ixiv, u, x)) = Li^iu, x) + xiv, u, x)) , (2.7) 

will generically depend on the background configuration ^(M,a;). But according to the 
universality property there exists a restricted set of fiuctuations Xusiu, x) independent of 
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V such that, 



Any covariant lagmngian density evaluated on xusiu, x) takes the same value 
around all the pp-waves, even off-shell, with the same transverse space and 
same profiles for the background scalars. (2.8) 

i.e. if ^(-Ujx) and '^'{u^x) are two arbitrary pp-wave backgrounds with same transverse 
space metric Gj-j{u,x) and background scalars, then, 

C''{Xus{u,x))=C''\xusiu,x)) . (2.9) 

In particular, if ^ corresponds to a flat transverse space with all the background scalars 
set to zero (or a non-zero constant for the dilaton), then jC^{xusiiJ', x)) will take the same 
value as in flat space jC^''"'*{xus{iJ',x)). 

We shall now specify what the universal sector Xus{u, x) is. First "tensorially reduce" 
a generic element Xnu-ivjUjx) of the set x(v,w, x) to the transverse space. It will be 
decomposed into a set of fields Xljk^''\'^i''J'i^)i where My and are the numbers of 
covariant v and u indices respectively. Then Xusiu, x) is given by the set of all possible 
fields Xljk^^\''^i ^) 1 independent of v, such that > My. 

Xus{u,x) = {x\fK''"\u,^)\Mu > My} . (2.10) 

Notice that the deformations of flat background that correspond to pp-wave backgrounds 
(2.1, 2.2) themselves are contained in the universal sector. We prove the universality 
theorem (2.8) or eq.(2.9) for the tensorial fields in appendix A. 

Notice that while defining xus in (2-10) we did not commit to any specific form of the 
space-time action. This automatically raises the question whether the universal sector is 
invariant under field redefinition or not. If we have two sets of space-time fields x('y, u, x) 
and x(t',w, x) related by a field redefinition, then a generic element in x{v,u,x) can be 
written as, 

Xi^^...(v,u,x) = f^^...(x(v,u,x)) , (2.11) 

where the right hand side represents a generic field redefinition involving fields inside 
x{v, u, x) and their derivatives. The question is if we restrict the fields on the right hand 
side to be inside the universal sector Xus{'<J',x) then whether the field on the left hand 
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side is necessarily inside Xus{u, x) or not. We have argued in appendix B that the answer 
is indeed yes. 

We shall end this section with some comments about the symmetries. Certainly the 
isometrics of the transverse space are preserved by the universal sector. But the Lorentz 
transformation generated by L"", which is not a symmetry of any of the pp-wave back- 
grounds, appears to be a symmetry of the universal sector (see also [1]) when the trans- 
verse space metric is independent of u. This transformation scales u and v equally in the 
opposite way and therefore scales the functions K{u, x) and Ai{u, x) while preserving the 
pp-wave structure of the background. But since the universal sector is insensitive to such 
components of the metric the transformation remains a symmetry within this sector^. The 
Lorentz transformation generated by L^'^ does not preserve the pp-wave structure, though 
it takes the universal sector to itself. The transformation generated by L"^ preserves the 
pp-wave structure, but it takes the universal sector to outside. 

3 Universality on World- Sheet 

Our discussion in the previous section has been general and applicable to any covariant 
field theory in space-time expanded around a pp-wave background. In this section we 
shall study the universality property in the context of string theory from the world-sheet 
point of view. In order to do so we shall consider exact pp-waves that are given by the 
ansatz in (2.1, 2.2) with the further restriction that the transverse space is flat and the 
background dilaton is independent of transverse directions: 

Gij{u,x)^Su , * = *(«). (3.1) 

For the analysis in this section the transverse space will play the role of a spectator and 
therefore any Gj~j{u, x) which corresponds to an on-shell background can be incorporated. 
We restrict it to flat space merely to simplify our presentation. 

Since the statement in (2.8) concerns a space-time field theory, a natural framework 
to study its relevance to the world-sheet theory is string field theory. Indeed a string 
field theory is usually constructed for an on-shell background given by the corresponding 

""To see this more explicitly one notices that any term in the space-time lagrangian density evaluated 
on the universal sector has equal number of u and v indices. This is simply because the effective metric 
for such terms is ij^^, on the (u, w)-plane. This term therefore must be invariant under equal and opposite 
scaling along u and v directions. 
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world-sheet sigma model CFT. Using this connection here we shall derive certain world- 
sheet properties that are required to hold in order for the universality theorem (2.8) to be 
valid. In particular, we shall find that the correlation functions of a specific set of world- 
sheet operators should be given in terms of those in flat background with both the gauge 
flux and dilaton switched off. We shall verify these results exphcitly using world-sheet 
techniques in appendices C and D. 

We begin by considering the bosonic non-polynomial CSFT action S^^ [12, 13] around 
an on-shell pp-wave background (2.1, 2.2, 3.1), 

1 oo I 

^"^(X) = - E ^{X^r , (3.2) 

where k is the closed string coupling constant which is related to the constant part of the 
background dilaton^. {x"}^^ is a certain sphere correlation function in CFTpp ® CFTg/j 
which involves n string fields . Here CFTpp and CFTg^ denote the matter conformal 
field theory corresponding to the pp-wave background and the background independent 
(6, c) ghost CFT respectively. Among the {x"}'s, {x^} is special in the following sense: 
It is given by a particular inner product (x, Q^^x), as defined in [13], where Q^^ is the 
BRST charge corresponding to the pp-wave background. Therefore the matter part of 
the relevant correlator involves the matter stress tensor {Tpp{z),Tpp{z)). The matter part 
of any other {x"} for n > 2 involves only the matter part of the string field. According 
to (2.8) the string field theory action Spp{xus) evaluated at a string field configuration 
Xus that is restricted to the universal sector must be same for all pp-waves with the 
same dilaton profile in (3.1) (having the transverse space already been chosen to be fiat)^. 
Below we shall derive the relevant sigma model correlators from this condition for the 
cases of constant and non-constant dilaton separately. 

^We follow the notations of [13] except for the following few differences: (1) we use the notation x for 
the string field instead of (2) wc have absorbed a factor of k inside the string field so that the coupling 
constant appears only as a pre-factor in the action, (3) we are using an additional superscript pp or flat 
on various notations to explicitly indicate the background. We have also removed the subscript from 
the notation {• • - jo in [13]. 

^Notice that both the statement (2.8) and its proof in appendix A consider the space-time lagrangian 
density while here, in the discussion of CSFT, we are considering the space-time action. This could make 
a difference in case of the non-constant dilaton. But it will be explained in section 3.2 (sec footnote 11) 
that this does not happen when the background dilaton depends only on u, as we are considering here, 
and therefore our analysis with the action goes through. I thank Ashoke Sen for emphasising this point. 
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3.1 Constant Dilaton 



Since the dilaton is constant and is taken to be same for all the backgrounds under 
consideration, the overall coupling dependent factor in eq.(3.2) is same. Therefore in 
order for (2.8) to be true we must have, 

ixlsY" = {xlsY'"' . (3.3) 

In order to derive the relevant CFT correlators as discussed above, let us first see what 
it means to have the string field restricted to the universal sector in terms of CFT. The 
string field can be thought of as a first quantised state in CFTpp®CFTg/i satisfying certain 
conditions (see [13] for the complete definition of the string field). This first quantised 
state is expanded in terms of the basis in the relevant subspace of the matter-ghost Hilbert 
space. Therefore every such basis state has a matter and a ghost operator associated with 
it. The coefficients in this expansion turn out to play the role of the space-time fields. 
Since the ghosts are background independent, the tensorial properties of these fields are 
determined by the corresponding matter operators. Therefore the universal sector of field 
configurations, defined in eq.(2.10), corresponds to restricting the matter operators to a 
certain sub-sector which we call universal sector of matter operators^°. Below we shall 
specify this sector explicitly. Satisfaction of eq.(3.3) for n > 2 will then imply that all 
possible matter correlators involving operators only from the universal sector are universal 
and same as that evaluated in flat background. As discussed above, for n = 2 there is an 
extra source of background dependence through the stress tensor. However, we shall see 
that eq.(3.3) is automatically satisfled for n = 2 once the aforementioned universality of 
the relevant CFT correlators holds. 

The world-sheet lagrangian density for the matter part takes the following form for 
the relevant backgrounds: 

- dUBV + dVdU + K{U,X)dUdU + A-j{U,X)dUdX^ + A\{U,X)dX^dU 
+dXidX^ , (3.4) 

where Af — Aj ± Bj and 7 = 1, 2, ■ • ■ , 24. For an exact background this is a conformal 
held theory with central charge 26. The universal sector of matter operators Ous, which 

^"Notice that all the ghost operators are universal anyway as the ghost sector is background 
independent. 
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corresponds to the universal sector of field configurations given in eq.(2.10), is given by, 
n d'^^Ujl d"'W n d"^V n (9"^^VO(X)e*P^(z, z)\M^ + M^>M^ + MA (3.5) 

j=l i=l 3=1 j=l J 

where 0{X) is an arbitrary operator in the transverse part of the CFT. In flat space 
these operators are well defined whose correlators can be computed easily. Although it 
is difficult to solve the relevant CFT for an arbitrary exact pp-wave, as has already been 
explained, the correlation functions of the operators inside Ous are universal and should 
be same as that evaluated in fiat background, 

(n ^ii^i^ = (n ^ii^i^ ^0)^'"* , for Oi e Ous , Vi , (3.6) 

i i 

where {■ • ■)pp and (• • •)-^'"* denote matter correlators in pp-wave and flat background with- 
out any flux respectively. We have derived eq.(3.6) using the world-sheet theory in ap- 
pendix C. 

We shall now show that the condition (3.6) is enough to guarantee the relation (3.3) 
for n = 2. We first write, 

£PP = + A£ff , (3.7) 

where, ~ dU dV + dVBU + dXjdX^ is the lagrangian density corresponding to the 
flat background. Therefore the stress tensor and the BRST charge also take the similar 
structure: 

T{z) = r-^'"*(2) + ATPP{z) , T{z) = f •^'"*(^) + ATPP{z) , Q"" = Q^^"* + AQ"" , (3.8) 

where {Tf''°-^[z),Tf^"'^{z)) and Q^^"-^ denote the stress tensor components and the BRST 
charge in the flat background. Notice that T^^°-^[z) and T-^'"*(^) arc contained in Ojjs- 
This means {xuSiQ^^'^^XusY^ is universal. Therefore in order for eq.(3.3) to be true for 
n = 2 we need to have, 

{Xus. AQP'xusr = . (3.9) 

To see why this is right first notice that the only matter operators that appear in AQ^^ 
are AT^p^z) and AT^^{z) as the BRST charge is linear in the energy-momentum tensor. 
The next step is to argue that the operators AT^^i^z) and AT'^^(^) are contained in Ous- 
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This can be easily seen by Fourier expanding the functions K and appearing in AT^| 
(a, /3 = 0, 1 referring to the standard (r, cr) coordinates on the cyhnder.), 



U+ik.X 

(3.10) 



where K{ku,k) and Ai{ku,k) are the Fourier transforms of ir(u, x) and ^/(li, x) respec- 
tively. Finally notice that any given term in these operators has no dependence on V and 
at least one (first order derivative of) U. Then using the flat space result that a correlator 
involving the elements of Ous is nonzero only when the total numbers of C/'s and V^s (we 
mean derivatives of them) are same, we arrive at eq.(3.9). 

3.2 Non-Constant Dilaton 

The situation is more complicated when the dilaton varies in space-time. In this case 
using the general argument of appendix A one has the following form of the space-time 
action evaluated on the universal sector: 

S'^ixus) = -J dud^'x e-'^^^u, x) , (3.11) 

where is the infinite volume resulting from the integration over v. $(m) denotes the 
background dilaton in (3.1) that appears in the world-sheet sigma model such that it does 
not include any constant part. This constant part is absorbed into k so that the effective 
string coupling is: Keff{u) = Ke'^^^\ U{u, x) is the universal contribution, implying that^^, 

S^'''\xus) - ^ / dud^^x Uiu, x) . (3.12) 

We shall now translate the requirement of universality as given by eqs.(3.11, 3.12) into 
condition on the CFT correlators. This will be done by an induction method and therefore 
we begin by considering an example below. 



Referring the reader to the issue raised in footnote 9, we notice that considering the space-time action 
instead of the lagrangian density could make a difference in the present case only if there were a term 
in U which is a total derivative with respect to u. Such terms, however, are not allowed due to general 
covariance. In fact, according to the general argument of appendix A, U{u, x) can involve only transverse 
derivatives (see footnote 14). This is also responsible for the fact that in the present case U{u,x) does 
not have any dependence on the background dilaton. 
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Let us consider the graviton h^i, in the string field expansion: 



(3.13) 



where |A;) oc e*''-^(0, 0)|0), |0) being the SL(2,C) vacuum^^^ xhis contributes to {^'^j/^at 
a term of the following form (see, for example, [14]): 

J d'^Vp p^6{k + p)/i^'^(A;) V(p) = -J W%x)d^h^,{x) , (3.14) 

where h^i,{x) and hfj,,^{k) are Fourier transform of each other. Restricting this term to the 
universal sector one gets. 



(27r; 



26 



/ 



dud X 



h^''{u, x)d]_hij,„{u, X 



us ' 



(3.15) 



where [■ ■ ■];75' represents the quantity [■ ■ ■] with the field components restricted according 
to (2.10). Fourier transforming this universal term back to the momentum space one gets. 



27r 



dp^d^'p J dk^d^'k {k^d{p^ + ku)S'\p + k)} [h^'iPu.mAk^^ k)\jjs ■ (3.16) 



In an arbitrary pp-wave background with background dilaton ^{u) the universal term in 
(3.15) is supposed to be replaced by. 



J dud^^x e-2*(") [h^'\u,x)dlh 



(27r)26 

Fourier transformation of this expression gives. 



U,X\ 



US ' 



(3.17) 



^ J dpud^'p I dkud^'k |P ^ dl^aMlia))j S(pu + ku + J2ka)W+ ^) 

h'"'{pu,p)h^u{ku,p) 



i-2 



,N / N 



N 



US ' 



(3.18) 



where $(Z) is the Fourier transform of ^{u). Comparing the factors kept in the curly 
brackets in the expressions (3.16) and (3.18) we conclude that in presence of the non- 
trivial dilaton the particular two point vertex changes in the following way: 



oo /_o 

P5(pu + ku)5'\p + k)^PYl 



>N / N 



N 



N=0 



n dl^aMka)) 5{pu + k^ + J2 ka))^(P + k) 



\a=l 



a=l 



^The CFT states |0) and |A;) have been denoted by |1) and |1,A;) respectively in [13]. 
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(3.19) 



Generalising this to an (n + 2)-point vertex one gets: 

n n 

f{p, k, k^'^)S{pu + ku + J2 k^^)^''iP + ^ + E k^"^) 

i=l i=l 

f{p, k, k(^) Y: / n dliaMha)) 

N=0 ■ \a=\ ) 

n N n 



(3.20) 



where it is understood that each of the momenta appearing in the argument of the fac- 
tor f{p,k,k^^^) has zero covariant v component. Notice also that the above equation is 
schematic in the sense that depending on the vertex / can carry space-time indices. For 
the two-point vertex considered above / is a scalar as the gravitons are contracted be- 
tween each other. But there are terms where the gravitons are contracted with momenta. 
In such cases / will carry the necessary indices. Since the vertex is computed from a CFT 
correlator we conclude from the expression (3.20) that a generic matter correlator that 
appears in the computation of Spp{xus) with a non-constant dilaton is given by, 



(7o [a„,e^'="^+^^^-^(0,0)] (^nO.e^'^" ^+^^^'^^-^(z„z,)j C?,„e^^''^+^^^-^(0, 0))|^(„) = 
oo (_n\N p / N ^ 

E^/(n%.4('(.,) 
{I 



N=0 \a=l 

a«te*^'="+S:=i^(a))t^+*fc^-^(0,0)] (^nO,e^*^^''^+'^^*''-^(^i,^,)j C»,„e*f"^+^^^-^(0,0))4^fo , 
for Oout , , Oi e Ous , Vi . (3.21) 



where / is the inversion map: I{z) = 1/z. The correlator on the left side is computed 
in CFTpp, where the background contains a non-constant dilaton $(«). The correlators 
on the right side are computed in CFT//at with the dilaton set to zero. Notice that the 
right hand side can be computed in any other relevant background with $ = as the 
computation is done in the universal sector. To check a simple consistency condition: if 
the left hand side is computed in a background with constant dilaton $(m) = c, then 
one sets $(A;) = c5{k) on the right side. The result turns out to be e^^'^ times the same 
correlator computed with ^{u) — 0, which is expected. Notice also that eq.(3.21) is 
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claimed only for the universal sector - generically the result will be comphcated if we 
sprinkle around "non-universal" operators inside the correlator. The derivation of the 
result (3.21) using path integral has been presented in appendix D. 

Notice that the above argument is based on the universahty of U{u, x) in the sense of 
eqs.(3.11, 3.12) and we have not explicitly addressed the potential background dependence 
of the CSFT quadratic term through the energy-momentum tensor as we did in the case of 
constant dilaton. In presence of a non-trivial dilaton $(«), the energy- momentum tensor 
receives a correction [24] of the following form in addition to that in eq.(3.10) over its 
fiat-space expression: 



This operator belongs to Ous and is independent of V. Therefore by the same argument 
as given below eq.(3.10), a matter correlator involving A$T^^ and an arbitrary number 
of operators inside Ous is zero in flat space with constant dilaton. Then using eq.(3.21) 
we conclude, 



where A^Q^^ is the dilaton contribution to the BRST operator Q^^ which is linear in 
A$T^^. This shows that there is no dependence of the CSFT action on the background 
dilaton inside the universal sector that might be introduced through the BRST operator. 
This is consistent with the fact that U{u, x) is independent of the background dilaton, as 
claimed in footnote 11. 

3.3 Generalisation to NSR Superstrings 

The above discussion in bosonic string theory can be generahsed to the common NS 
sector of the Neveu-Schwarz-Ramond (NSR) superstrings. Here we demonstrate this by 
considering type II string theory. We have already discussed the bosonic sector of the 
world-sheet theory. The fermionic sector of the world-sheet lagrangian density for an 
exact NS-NS pp-wave takes the following form in conformal gauge. 




(3.22) 



{Xus,A^QPPxus)Zu) = ^, 



(3.23) 



•pp f<flat 

■II — '"II 



(3.24) 
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where the lagrangian density for flat background is, 

£{f * ~ + V'^'^V'" + V/^V'^ + a-h. , (3.25) 

and, 

ALfj ~ [K{U,X)ij''dilj'' + Ai{U,X){i/j''di/j^ + i/j^dijj'') 

+Ci{U, X)dUil:''il:^ + DuiJJ, X)dUij^i:'^ + Ejj{U, X)axV"V''^ + a.h^ 
+Pij{U, + Qijk{U, X)(^"V'^V^-^V5^ + V^'^V'^V^^^) , (3.26) 

where Ci{u,x), Dij{u,x), Eij{u,x), Pij{u,x), Qijk{u,x) are certain functions con- 
structed out of Hij{u,x) and derivatives of K{u,x) and Ai{u,x). a.h. in eqs.(3.25, 3.26) 
are obtained by replacing: — > i/S, 9 ^ 9 and Hu —Hjj. In this case we consider the 
space-time tensors coming from the NS-NS sector states. The space-time indices on these 
flelds come from both world-sheet bosons and fermions in the matter sector. Following 
eq.(2.10) one flnds that the universal sector of matter operators is given by, 

Ol}s = {0^{M^,Mi,M,^,Mi)0^{M^,Mi,M,^,Mi)\M+>M_} , (3.27) 

where the bosonic part 0^{M^ , M,^ , M:lf , M^) is given by the same operator as that 
appears inside the curly bracket in eq.(3.5), the only differences being that the dimen- 
sionality of the transverse space is now 8, instead of 24 and a change in notation where 
we have added a superscript B to various numbers etc. appearing in eq.(3.5). The 
fermionic part is given by, 

M?' 

0^{M^, Mi, Mi, Mi) = n d-'^r n 9'''r n d'^'r n O^^-^rO'^i^^, i>^)iz, -z) (^.28) 

i=l i=l J=l 3=1 

where {il)_i,ip\^) is an arbitrary operator constructed out of the transverse ip^ and 
The numbers M± appearing in eq.(3.27) are defined as follows: 

M+ = M^ + Ml, M^^Mi + Mi, Mi^Mi + Mi, 

M^ ^ M^ + Mi , Mi ^ Mi + Mi , Mi = Mi + Mi , (3.29) 

The general arguments leading to the conditions on the correlation functions in the bosonic 
case, namely eq.(3.6) for constant dilaton and eq.(3.21) for non-constant background 
dilaton, remain the same. Therefore the analogues of those those conditions are given 
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by the same equations, i.e. (3.6) and (3.21) with the universal sector of operators now 
given as in eq.(3.27). For constant dilaton the world-sheet derivation of this condition has 
been given in appendix C. For non-constant dilaton it goes through in the same way as 
discussed in appendix D for the bosonic case as any non-triviality of this analysis involves 
only the bosonic sector of the world-sheet theory. 

4 PP- Waves in Closed String Field Theory 

It was shown in [19] that there is a large class of pp- waves that are exact solutions in 
string theory to all orders in a! corrections. For such solutions B.ij in eq.(2.2) and 

Fij{u, x) = diAj{u, x) - djAi{u, x) , (4.1) 

are taken to be functions of only u and therefore are more restricted than what we have 
considered in (2.1, 2.2, 3.1). With this restricted ansatz all the a' corrections to the low 
energy effective field theory (EFT) equations of motion are zero. As we shall briefly review 
below, this is not true for our more general ansatz. In fact, in our case such unknown 
corrections are, in principle, non-zero at arbitrary higher orders. 

In this section we shall discuss a general method of identifying an off-shell pp-wave 
background of EFT in CSFT with all the massive modes integrated out by their equations 
of motion. The off-shell ansatz that we consider is given on the EFT side by eqs.(2.1), 
(2.2) and (3.1). In general such an exact identification (certainly up to field redefinition) 
of off-shell field configurations is difficult to do in practice. This is because the field redef- 
inition between EFT and CSFT with all the massive modes integrated out is in general 
complicated. We shall argue that for the off-shell pp-wave ansatz that we are considering 
here this field redefinition is at most quadratic in fields and therefore can be found with 
limited computations. In this work we shall not perform any explicit CSFT computation, 
rather we shall formulate the problem in principle and indicate how the explicit construc- 
tion can be done by computing a set of cubic terms in the action (3.2). Our analysis 
will indicate that all the a' corrections to the equations of motion discussed above, which 
will be shown to be invariant under the relevant field redefinition, can be computed using 
CSFT. We shall also outline an iterative method of computing the massive modes using 
the CSFT equations of motion in terms of the functions K{u,x), Ai{u,x), Bj{u,x) and 
$(ti) characterising the background on the EFT side. Whenever these functions corre- 
spond to an exact CFT on the world-sheet our iterative procedure gives the corresponding 
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CSFT solution. For definiteness we shall consider the non-polynomial bosonic CSFT ac- 
tion (3.2) constructed around the flat space. But it should be possible to generalise the 
basic method to incorporate the common NS sectors of superstrings. 

Since we shall not perform any explicit CSFT computation, our construction, as indi- 
cated above, will be based on the expectation that EFT and CSFT with all the massive 
modes integrated out are physically equivalent. The connection between these two the- 
ories is as follows: Integrating out all the massive fields in CSFT by satisfying their 
equations of motion one arrives at an effective field theory involving the same massless 
field content as in EFT. There could be certain additional unphysical fields which can be 
ehminated away algebraically. The dynamical fields of the two theories and their off-shell 
gauge transformations should be related by suitable field redefinitions. Once this field 
redefinition is completely known any off-shell field configuration in one of the two theories 
can be identified in the other. This field redefinition was found at the linearised level in 
[14], which we refer the reader to for the detailed formulation of the above connection. 
Below we first briefly review the off-shell pp-wave ansatz and the relevant equations of 
motion on the EFT side and then discuss our construction in CSFT in section 4.2. 

4.1 Effective Field Theory 

The field content of the EFT includes the metric g^^ = T]^^y + /i^j,, the dilaton D and 
the second rank antisymmetric tensor gauge field whose three-form field strength is 
H^up = d[fj,Kp] . The action is given by. 



J dudvd^x C, , 



S (X 



^ = y-9 e 



-2D 



R{g) + Ad^bd^^b - ^H^^.pH'"''' + 0{a'] 



(4.2) 



where the proportionality constant in the action is left arbitrary as a freedom of adding a 
constant piece to D. The action receives corrections at arbitrary higher order in a'. The 
non-zero components of the off-shell background that we are interested in are given by, 

huu = K{u,x) , hui = Ai{u,x) , bui = -Bi{u,x) , D = ^{u) . (4.3) 

The theory possesses gauge symmetries under general coordinate transformations and 
anti-symmetric tensor gauge transformations. The off-shell ansatz in (4.3) is not gauge 
invariant and therefore has been written by fixing some of the gauge symmetries. Some 
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amount of residual gauge symmetry is still present which preserve the above ansatz. This 
has been discussed in appendix E. 

All the a' corrections in (4.2) are not identically zero for the generic ansatz (4.3). The 
equations of motion reduce to the following form: 

d'Fu^O, d'Hu = 0, 

IdlK - dud'Ai - \ {FijF'' + HijH'') + 29^$ + -C2 (V^d^F, V^O^h) = , 
z 4 a ^ 

(4.4) 

where Fjj and Hjj have been defined in eqs.(4.1) and (2.2) respectively. The last equation 
generically receives a' corrections to all orders. All such corrections, collectively given by 
the term C2 (^^/c/d^F, ^/c/d^H^, are quadratic in Fjj and/or Hjj, but contain arbitrary 
higher powers of transverse derivatives [20, 17]. In a special case where both Fjj and Hjj 
are independent of the transverse coordinates [19] : 

Fij = Fij{u) , Hij = Hij{u) , (4.5) 

all such corrections drop off. Notice that the last equation in (4.4) is invariant under 
adding a purely u dependent function to K{u,x): K{u,x) — > K{u,x) + f{u). The fact 
that the equations (4.4) are at most quadratic in fields will be crucial in our following 
discussion on CSFT. 



4.2 Closed String Field Theory 

As mentioned earlier, here we shall formulate the problem of identifying the off-shell pp- 
wave configuration (4.3) in CSFT. We denote the set of dynamical fields of CSFT by x = 
{g/iu = tl^.u + h^y, h^y, D, Xmassive}, whcrc Xmassive is the sct of (infinite number of) massive 
fields. After integrating out the full set Xmassive one arrives at a low energy effective field 
theory containing only g^,^, b^^, D and certain additional non-dynamical fields that can 
be eliminated away algebraically. See [14] for the details of the procedure. The field 
redefinition that relates these dynamical fields and that of EFT takes the following form: 

bij,y{v,u,x) 
di^D{v,u,x) 



= hi^y{v, u, x) + fj^Xhpa, bpa, dpD) , 
= bi_,y(v, u, x) + fl^ihp^, bp^, dpb) , 
= d,b{v, u, x) + /„^( V, bp,, dpb) , (4.6) 
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where in the last equation derivative of the dilaton has been considered in order to make 
the equation insensitive to a constant shift which was also left unfixed while writing 
down the EFT action in (4.2). It was shown in [14] that at the linearised level the 
field redefinition takes the form of the above equations with all the /-fields set to zero. 
Therefore all such fields are necessarily at higher orders in the hatted fields. Notice that 
we have also used the well-known fact that the dilaton always appears with derivatives in 
these fields. We have argued in appendix E that for a generic off-shell pp-wave background 
(4.3) the only non-vanishing / function is the component fuui^pa^ ^p<t-i ^) which takes the 
following form: 

f':^{Ku = K, Ki = Ai, hui = -Bi, dub = du^) = lC2{Ai, Bi, du^) , (4.7) 

where }C2{Aj, Bj, 9„<l>) is an undetermined scalar on the transverse space which is second 
order in the fields Aj, Bi and $ but may contain transverse derivatives of arbitrarily high 
order. Notice that such transverse derivatives can not act on $. Therefore, by the similar 
argument as in appendix E, the dilaton dependence is restricted only to the following 
type of additive terms: du^d^^, du^d^Aj and du^d^ Bj, where arbitrarily high powers of 
transverse laplacian are allowed to act on Aj and/or d^Bj. This implies, 

Ku^K + }C2, Ki ^Ai , b^i^-Bi , L> = $ , (4.8) 

where the dilaton is identified up to an additive constant. Given these equations we shall 
now onwards work with the variables huu, Aj, Bj and $ on the CSFT side. One would 
therefore expect the CSFT equations of motion to include the first two equations in (4.4) 
in the same form and the last equation in the following form: 

£^{Ku, Aj, 9„$) + E2{Ai, Bi, 9„$) = , (4.9) 

where, 

Si{huu,Ai,du(^) 
S2{Ai,Bi,du^) 

are the terms which are linear and quadratic in fields respectively. 



-^dllC2{Ai, Bi, du^) - \{FijF'' + HijH'') 

+-C2i^/^^^F,^/^^^H) , 
a' 



(4.10) 
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We shall now try to understand how the first two equations in (4.4) and eq.(4.9) are 
reahsed in CSFT. The CSFT equation of motion is given by, 



1 



N=2 



(4.11) 



where Q — Q-^'"*. The string field |x) is expanded in terms of ghost number two states 
with certain properties in the combined matter-ghost conformal field theory. The fields 
huu, hull bui and D, as given by eqs.(4.8), appear in the coefficients of these states in such 
an expansion. In particular, following [14] we may write for the massless component: 

1 



Ix) 



massless 



V2 



+ 



[Ai{ku,k) + iBi{ku,k)} cx.^_iOit] \ ciCi\ku-,k) 



dkudk k^ ^Ar(ku, k) — iBi(ku, k)^ CQCia'^i\ku, k) 
- j dkudk k^ ^Ai{ku, k) + iBi{ku, A;)| CgCi a" ^ k) 



+ J dku [V2^k )(cic_i — Cic_i) + \foi!ku^{ku)cQ{cia'!i-^ — Cio;" jl \ku) , 

(4.12) 

where huu{ku,k), Ai{ku,k), Bj{ku,k) and $(/i;„) are the Fourier transforms of huu{u,x), 
Ai{u,x), Bi{u,x) and $(-u) respectively. Cq = ^(cq + cq)- The first two equations in (4.4) 
and the linear part in (4.9) should therefore be obtained from the first term in eq.(4.11). 
Indeed these parts can be shown to be obtained from the massless quadratic part of the 
action (3.2) which was computed in [14]. In particular, Si{huu, Aj,du^) in eq.(4.9) is 
contributed by the following term (computed in [14]), in the quadratic lagrangian density 
(up to a constant pre-factor): 



-dlKu - dud'Ai - dl^ 



,(4.13) 



where in the second step we have restricted the fields inside square brackets according to 
our ansatz in (4.3). Notice that the term computed is outside the universal sector as it 
contains the component Generically, a higher rank equation of motion. 



(universal sector) = , 



(4.14) 



(where the subscript * indicates that the expression has covariant tensor indices) for the 
fields inside universal sector can not carry covariant v indices. If * includes covariant u 
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indices then there exists a non-universal field varying which the equation of motion (4.14) 
is supposed to be obtained. Therefore to get such an equation of motion one needs to 
compute all the terms in the action that are linear in the relevant non-universal field^^. 
In the context of (4.13) the relevant non- universal field is and therefore to get the full 
form of the relevant equation of motion one needs to compute all the terms in the action 
(3.2) (for fiat background) that are hnear in Fortunately, from (4.9, 4.10) it is clear 
that such terms must be at most cubic in order. Since the quadratic terms have already 
been computed in [14], to complete the task one needs to compute only the cubic terms 
in the lagrangian density which should be given by (up to a constant pre- factor): 



From this computation one should be able to obtain all the a' corrections to the EFT 
equation of motion given by C2{\/a'd±F, \/a'd±H). Also notice that the presence of an 
additive term (9„$9„$ in /C2(A/, 5/, 9„$) can not be concluded from this computation. 
Since it is a purely u dependent term, the equation of motion is insensitive to adding such 
a term as explained below eq.(4.5). With this we conclude our discussion of formulating 
the problem of identifying the off-shell massless pp-wave configurations of EFT in CSFT. 

We shall now discuss how to compute the massive fields in CSFT once the massless 
components are given in terms of the functions K{u,x), Ai{u,x), Bi{u,x) and $(«) 
following eqs.(4.8). From the above discussion we have concluded: 



-"^^This, however, is not true if the expression on the left hand side of (4.14) is a scalar. In fact, for 
any scalar field solution T{x) that depends entirely on the transverse directions, the relevant equation 
of motion can be obtained without computing any non-universal term in the action. This is why such 
solutions are universal. In the context of the worldvolume theory on an unstable D-brane configuration in 
a pp-wave background with constant dilaton this argument was applied in [1] to certain tachyon solutions 
representing lower dimensional D-branes. Gravity solutions, on the other hand, are not generically 
universal because of the requirement of computing non-universal terms in the action. Pp- waves themselves 
are examples of this. Although these solutions belong to the universal sector, the solutions themsc;lves 
are not generically universal. Universality of a given pp-wave solution P implies that it can be realised 
as a solution in all the pp-wave backgrounds in a given universality class (a universality class is the 
set of all pp-waves for which the universality theorem (2.8) holds and therefore can be characterised by 
the transverse space and the profiles for the background scalars). This in turn implies that P can be 
superposed with any solution representing a pp-wave belonging to this universality class. This is not true 
in general as the last equation in (4.4) is not linear. Whenever the quadratic piece drops off for a given 
pp-wave, the solution is universal and can be superposed with any other pp-wave solution. Nevertheless 
it is generically true that given two arbitrary pp-waves, a third one can always be found. But the sum 
rule is not simple superposition, rather more complicated when the quadratic terms are non-zero. 




(4.15) 



X^'Uassless = , V TV > 2 , 



(4.16) 
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and 

^Wmassless^ ]massless - ^ ^ | A,, $) + ^sl^l/, ^7, = , ^ ' 

where \x^)massiess denotes the massless component of |x^). For reasons to be clarified 
shortly, let us denote the massless component in (4.12) by |x(i)). Then notice that the 
massive part of |X(i)) can still be non-zero. This switches on higher massive modes through 
the equation of motion (4.11). Therefore the coefficients of all such higher massive states 
in Ix) must be higher order in the functions appearing in eqs.(4.8). To compute such 
coefficients we first expand it according to the degree of order at which those functions 
appear, 

CXD 

IX) = E IX(n)) , (4.18) 

n=l 

where |x(n)) is the component of the string field whose expansion involves coefficients that 
are only n-th order in these functions. For example, |x(i)) = \'X)massiess in eq.(4.12) is 
linear. Subtracting the string field equation in (4.17) from (4.11) we get, 

OO/ -TOO \00-|00 -1 

E [Q\Xin)) + |X(l)X(n)) + ^ E IX(n)XM) + E i;r\\^Y. Xin)^ ) + ^|A(2)) = (4.19) 
n=2 \ ^ m=2 / Ar=3 " n=l ^ 

where 

|A(2)) = |X(1)) - \xll)) massless ■ (4.20) 

To solve eq.(4.19) iteratively we introduce a parameter j3 to count the order of fields, 

OO / 1 OO \ 

E /9"^3IX(n))+/3'^+^|X(l)X(n)) + ^ E/^'^^^IXWXm) 
n=2 \ ^ m=2 / 

OO -I OO -I 

+ E TTyKE/^'^Xw)^) + /5^^|A(2)) = , (4.21) 

N=Z ■ n=l ^ 

We shall now show that equating the coefficient of each power of /3 to zero gives us a well 
defined iterative procedure to construct the full solution. Equating the coefficient of 
to zero one gets, 

g|X(2)) + ^|A(2)) = 0. (4.22) 
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At the third order one finds, 



<5lx(3)) + |x(i)X(2)) + = . 



(4.23) 



At the A^-th order {N > 4) the equation turns out to be, 



Q\X{N)) + |X(l)X(iV-l)) + 7;Y1 IX(n)X(JV-n)) 




Xa7^(nO---XK)) = 0, (4.24) 



where the summations in the parenthesis in the second fine are constrained. The constraint 
is also shown in the subscript to that parenthesis. Since \x{i)) is known, one can use 
eq.(4.20) to compute |A(2)) which can, in turn, be used in eq.(4.22) to compute |x(2))- 
The standard way is to fix a gauge for the massive fields so that Q can be inverted to 
solve eq.(4.22). Once |x(2)) is known it can be used along with |x(i)) in eq.(4.23) to solve 
|X(3)). In order to establish that this iterative method continues to hold one needs to show 
that to find the solution at the A^-th order, namely \x{n)) using eq.(4.24) the knowledge 
for |x(Ar+i)) is not required. This can be easily verified by investigating eq.(4.24). For 
example, at A" = 4 one gets. 



Notice that this iterative method is different from a small parameter expansion. In the 
latter case at every stage of the iteration an equation is solved approximately by neglecting 
terms of higher order. In our method an equation at a given stage of the iteration is solved 
exactly. 
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<9|X(4)) + |X(i)X(3)) + |X(2)) + 2lX(i)X(2)) + ^IX(i)) = . 
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A A Proof of Universality 

Here we shall explain our argument for why the universality theorem in (2.8) holds in the 
pp-wave backgrounds as described in eqs. (2.1) and (2.2). In this argument we shall be 
concerned only with the tensor fields in space-time for which the universal sector is given 
in eq.(2.10). In order to proceed with the argument we shall first demonstrate this with a 
particular form of the space-time action, namely the low energy effective field theory action 
for massless fields in bosonic string theory which has all the essential features relevant to 
our discussion. Later we shall generalise the argument to an arbitrary covariant action. 

Therefore we start with the action in (4.2) for the metric, the second rank anti- 
symmetric tensor gauge field and dilaton. We first expand the fields around the back- 
ground (2.1, 2.2), 

Oixv = G^,, + hf,„ , bu,„ ^ Bij_„ + 6/^^ , i) + , (A.l) 

where G^i,, B^^i, and $ are the background fields in eqs. (2.1), (2.3) and (2.2) respectively. 
Therefore \E'(m, x) and x{v, u,x),as defined below eq.(2.6), are the sets of these background 
fields and the hatted fields that appear as fiuctuations in the above equations in the present 
context. The universal sector defined in eq.(2.10) is therefore given by, 

/ , ^ i Ku{u,x) , Kviu,x) , Ki{u,x) , hjj{u,x) ,1 „s 

Xus{u,x) — S ^ / X ^ / X ^ / X ,/ X > ■ 
[ euv{u,x) , eui{u,x) , eij{u,x) , (p{u,x) J 

The lagrangian density in (4.2), once computed by restricting the fiuctuations to the 
universal sector, takes the following form: 

£ = e-*("'")Z^(M,a;) , (A.3) 

where U{u, x) is a sum of terms of the following generic form: 



U{u,x) \I-G{u, x) G"^i'^iG"^2^2 . . . Qt^uu^^. . .] 
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where G{u,x) — det Gf^u and G^{u,x) — det Gfj. In general the quantity inside the 
square bracket contains the following three types of objects: 

1. derivatives - some of which may act on the background inverse metric pre- factors, 

2. background fields in (2.1, 2.2, 2.3) and 

3. fluctuations in (A. 2). 

To establish (2.8) or eq.(2.9) we shall now argue that l{{u,x) is universal among all the 
pp-wave backgrounds with the same transverse space metric Gj'j{u,x) and background 
dilaton $(m, x). It is clear from equations (A.4) that this will be true if the following 
quantity is universal, 

U{u, x) = G^^^^G^^''^ ■ ■ ■ G^-^-[- ■ ■U.,,,.,...,^.^ . (A.5) 

In order to establish universality of U {u, x) we first tensorially reduce [• • -jjity... to the 
transverse space to get a set of tensors in the transverse space, 

[•••U- -{[•••&} , (A.6) 

where and M„ are the number of covariant v and u indices in [■ ■ -J^jy... respectively. 
Since none of the fields appearing in the expression of [■ ■ -J/j/l/^" depends on v, all the 
number of v indices are coming purely from fields and not from derivatives. Moreover since 
all the fields (both the backgrounds and fiuctuations) arc in the universal sector (2.10) 
we must have: M„ > M„ on the right hand side of (A.6). But [■ ■ -ij^"/^" with M„ > 
can not appear in U{u,x) in eq.(A.5) simply because the only non-zero components of 
the background inverse metric are: 

Therefore we must have: 

M^^Mu, (A.8) 

in all terms on the right hand side of eq.(A.5). This is precisely the kind of contraction 
that erases the pp-wave structure of the metric background so that effectively it becomes, 

G^/Jdx^dx" = 2dudv + Gjj{u, x)dx^dx^ , (A.9) 
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which is simply the flat Minkowski space when Gfj{u,x) = 5ij. 

The above argument shows that the functions K{u, x) and Ai{u, x) in the background 
metric (2.1) do not appear in U{u,x). We shall now show that the functions Bi{u,x) in 
the background flux (2.2) also do not appear in U{u, x). In order to do so we first notice 
that the facts that [■ ■ ■]^u- does not contain any derivative with respect to v, contains 
fields only in the universal sector together with eq.(A.8) imply that every individual field 
appearing in [■ ■ -J^^... contains equal number of covariant u and v indices. For any gauge 
invariant background flux which is null, such as the one in (2.2), such components are 
zero. Therefore the functions Bi{u,x) do not appear in U{u,x). 

Notice that the transverse derivatives^^ of the background dilaton ^{u,x) do appear 
in [• • -jj^iy.... Because of this and the exponential pre-factor in eq.(A.3) we need to have 
the same dilaton profile for all those pp-wave backgrounds for which the universality of 
the space-time action is supposed to hold. 

We can now generalise the above argument to incorporate an arbitrary covariant action 
in space-time. In this case any generic term in the lagrangian density, once computed on 
the universal sector after expanding around a generic pp-wave background, will take the 
following form: 

jC-arUt ^ V ({^U, X)}) U(U, x) , (A.IO) 

where {^{u,x)} is the set of all the scalar fields in the theory at their background values 
and V ({0}) is a multi-scalar potential depending on the term chosen and the theory. 
U{u,x) takes the same form as in eq.(A.4) except that now it contains tensor fields with 
arbitrarily high spins, which doc not have any effect on our argument above. Therefore 
the conclusion will be that the above term is computed to be same in all the backgrounds 
with the same transverse space and the same profiles {$(«, x)} for the background scalars. 
This establishes the universality theorem in (2.8) for the tensor fields. 

-'^^Equation (A. 8) and the restriction of field configurations to the universal sector imply that all the 
M„ number of covariant u indices are also purely field indices so that all the derivatives that appear in 
U{u, x) are along the transverse directions. 
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B Closure of Universal Sector under Field Redefini- 
tion 

Here we shall argue that an arbitrary field redefinition takes the universal sector to itself. 
Referring the reader to the discussion around eq.(2.11) we would, therefore, like to show 
that, 

Xi_,^...{u,x) = f„v...{xus{u,x)) e Xus{u,x) , (B.l) 

where Xusi'^i^) is defined in (2.10). After tensorially reducing to the transverse space a 
generic term in fnu-ixusi^jx)) takes the following form: 

U-iXusiu, x)) ^ x) , (B.2) 

where (Ny) is the number of covariant u (v) indices that are free while (My) is the 
same that are contracted. Notice that all the {N^ + My) number of covariant v indices, 
irrespective of whether they are contracted or not, should be purely field indices. Since 
all the fields that appear are in the universal sector, the total number of u indices coming 
from such fields and possibly additional derivatives must satisfy, 

Nu + Mu>Ny + My . (B.3) 

On the other hand the total number of contracted covariant u and v indices, namely 
(M„ + My), should be same as the total number of contravariant u and v indices coming 
from the factors of the background inverse-metric. Since the only non-zero components 
of background inverse-metric are as given in (A. 7) we must have, 

M, > M„ . (B.4) 

Equations (B.3) and (B.4) imply, 

Nu>Ny, (B.5) 

which in tern implies (B.l). 

C Correlators in Constant Dilaton 

Here we shall argue that the matter correlation functions involving only the operators de- 
fined in eq.(3.5) are universal in all the exact pp-wave backgrounds with constant dilaton. 
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In particular, we shall show that eq.(3.6) is correct. The correlator on the left hand side 
of eq.(3.6) can be obtained from a correlator of the following form: 

M„ My, M„ My N 

i=l i=l j=l j=l k=l 

such that Mu + Mu> + Mji , (C.l) 

where 0{X) is an arbitrary operator in the flat transverse part of the CFT. Below we 
shall argue that the correlator in (C.l) is computed to be same as in fiat background. In 
order to do so we first separate the world-sheet lagrangian density in (3.4) into and 
AjC^p as indicated in eq.(3.7). Then we treat exactly and A/y^ as interaction. This 
gives the following relation between the correlators in pp-wave and flat background: 

(. . .)PP = (. . + (. . , (C.2) 

where the second term on the right hand side is a correction term given by, 

oo |'_-|\A'' 

(• • yj""' = E ^-Jr^- ■ ■ i^s^nu,x]ry^'^' , (c.3) 

N=l -'^ ■ 

ASPP[U,X] being the part of the world-sheet action in pp-wave corresponding to the 
lagrangian density AjC^p in eq.(3.7). This contains integrated operators involving K{U, X) 
and Af{U, X). In order to compute (• • we Fourier expand such functions and finally 
compute the correlators on the right hand side of (C.3) in flat background. For example, 
the first term of the infinite expansion is proportional to. 



J dkudk J dh [K{k^, k){- ■ ■(9t/9f/e*^"^+*^-^(^, ^))^^«* 

+Ai{ku, k){--- dUdXh'^-^+'^-%z, ^))^'"* + A^iku, k){--- dX^dU(^^-^+'^-^{z, z))^'»*] , 

(C.4) 

where K(ku,k) and Af(ku,k) arc the Fourier transforms of K(U,X) and Af(U,X) re- 
spectively. Since all the correlators are computed in fiat background an U can only be 
contracted with a V. The fact that none of the operators in (C.l) and in ASpp[U, X] 
involve momenta along V implies, in turn, that all the [/-derivatives^^ have to be con- 
tracted with ^-derivatives in order to produce a non-zero result. Since the total number 
of L'^-derivatives appearing in (C.l) is always greater than or equal to that of ^-derivatives 



15 



By Z7(y)-derivative we mean an operator of the form 5'"C/(^) {d"'V{z)) or d"^U{z) (5™V(^)). 
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and the higher A^-rems in (C.3) introduce increasing number of t/-derivatives and no V- 
derivatives, all the correction terms given in (C.3) are zero for the correlators in (C.l). 
Therefore such correlators are computed to be same as in fiat background. An equivalent 
path integral argument, which is more cumbersome, can also be constructed leading to 
the same conclusion. This estabhshes eq.(3.6). 

We shall now generalise the above argument for the NS-NS sector of type II super- 
strings as considered in section 3.3. In particular, we shall argue that the same condition 
as in eq.(3.6) holds for the operators given in eq.(3.27). In this case the relevant correlators 
can be obtained from a correlator of the following form: 

k 

such that + > + , (C.5) 

where we use schematic notations: [DU]^+ represents a product of number of op- 
erators of the form d^U{z) or d"^U{w), represents a product of number of 
operators of the form d""ip'^{z) or d"^'ijj'^{w) and similarly for [DV]^" and [Dip^]^- re- 
spectively. 0^{i/j±,'ijj±) is a fermionic analogue of 0^{X) appearing in eq.(C.l), namely 
an arbitrary operator constructed out of the transverse ijj^ and ijj^ . Just like in (C.l), all 
the operators in (C.5) are understood to be inserted at different points on the complex 
plane. In order to see why the correlator in C.5 should be same as that computed in 
flat background when the condition on the numbers M:^ and M^, as shown in eq.(C.5), 
is satisfied, we first notice that the interaction terms in the world-sheet lagrangian den- 
sity now includes the fermionic sector given in eq.(3.26) in addition to the bosonic one 
in eq.(3.7). The features of the fermionic interaction terms in (3.26) that are relevant 
to our argument are as follows: (1) tb'" and ip^ do not appear, (2) all the terms except 
Dij{U, X)dUip^ip'^ and its counterpart in a.h. involve ip'^ and/or ip'^ and (3) all the bosonic 
operators that appear in (3.26) are from the universal sector. Since we treat the flat part 
in (3.25) exactly, a tp'" {ip'") appearing in the correlator (C.5) can only be contracted with 
a (-0") either appearing in (C.5) as an external operator or coming from the interac- 
tion terms in (3.26). Therefore when = M^, none of the fermionic interaction terms 
contribute with the possible exceptions being Dij{U, X)dUip^'ip'^ and its counterpart in 
a.h.. But even these terms do not contribute as can be argued in the following way: the 
bosonic sector in (C.5) satisfies the condition > . Therefore whenever a term like 
Dij{U, X)dUip^ip'^ appears in the correlation function it always increases the number of 
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[/-derivatives than that of F-derivatives. The result is zero due to the fact that in flat 
space this numbers should match in order to get a non-zero result. 

Let us now discuss the cases when ^ M^. We begin with > M^. In this case 
the result is zero, matching with the flat space result, simply because there are not enough 
number of (^^) operators to contract with all the t/^" (^") operators. When < 
the fermionic interaction terms could become important as the extra number of ip'" {ip'^) 
operators can now be contracted with these terms. But since in this case we must have 
> M^, and all the bosonic operators in the fermionic interaction terms are in the 
universal sector, the result is zero, again matching with the flat space result, as there 
are not enough number of F-derivatives to contract all the existing [/-derivatives. This 
estabhshes that the correlators in (C.5) are same as that evaluated in flat background. 

D Correlators in Non-Constant Dilaton 

The analysis in the previous section does not go through when the CFT background 
contains non-constant dilaton as in this case one needs to be more careful about how 
to treat the Pradkin-Tseytlin term [25] that couples the dilaton through the world-sheet 
curvature. In this appendix we shall discuss this issue and estabhsh eq.(3.21). We start 
with the pre-gauge-flxed path integral, 

W^j^^e-^, (D.l) 

J V diffxWeyl 

where the sigma model action is, 

^ ^ / ciV^ 7^$(X) , (D.2) 

where e*^^ = 1 and TZ appearing in the Fradkin-Tseytlin term S^'^ is the world-sheet 
curvature. Choosing the conformal gauge: 

9abi(T) = e'^f^'^^Sab , (D.3) 

and introducing the diffeomorphism ghosts one arrives ai W — WWgh, where Wgh ~ 
J VhVce'^ah is the (6, c) ghost path integral and W — f T>X^e~^ is the matter part of 
our interest. The matter action in conformal gauge turns out to be, 

S^SPP + S^^ , (D.4) 
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where 5"^^ corresponds to the lagrangian density in (3.4). Once the condition of Weyl 
invariance is satisfied by choosing the background to be on-shell the conformal factor 
can, in principle, be ehminated from the path integral relevant to the computation 
of any correlation function. However the effect of the Pradkin-Tseytlin term^^, 

SfT = / d^(7dadaP^X) , 

= -- / d'^zddp^X) , (D.5) 

has to be computed with an appropriate choice of p(o"). Nevertheless the final result 
should be independent of this choice. Here our goal is to study the effect of this term 
on a correlation function involving operators inside the universal sector in an exact pp- 
wave background with nontrivial dilaton $(«,). Below we first recall what happens for the 
constant dilaton and then we generalise the method to incorporate non-constant dilaton 
profile of our interest. 

As it is well known, for constant dilaton: $ = c, (D.5) can be computed explicitly by 
choosing a particular coordinate system on the sphere. For example: 

A \\ , / A 



ds — z dzdz = dwdw , 

\1 + zzj VI + WW J 

z ^ - , (D.6) 
w 

where A is a constant determining the radius of the sphere and {z, z) is the local coordinate 
system around the in-state at r — > — oo whereas {w,w) {w — 1/z) patches around the 
ou^-state at T — > oo. These coordinate systems correspond to choosing: 

(wiD \ 
-] ■ (D.7) 
1 -I- wwj 

Converting the integration in eq.(D.5) into a line integral in {w,w)-system one gets, 

ic r 1 
SpT^-f dw (D.8) 

TT JCoo W[l + WW) 

where Coo is a circle around the point w — 0. This gives: Sft — —2c, which is the correct 
result. As expected, the result does not depend on the choice of p. This can be checked 
in the following way: First add a variation 5p{z,z) on the right hand side of eq.(D.7). 
Finiteness of the metric at 2; — > oo requires, 

hm 5p^ constant . (D.9) 
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In the second line of (D.5) we have moved to the complex coordinate system: z 
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Therefore it does not contribute to the residue in eq.(D.8) leaving the result unchanged. 

Let us now consider the case of non-constant dilaton ^{u) in an exact pp-wave back- 
ground. In this case partially integrating the right hand side of (D.5) and Fourier trans- 
forming ^{U) to ^{k) one can write: 



= Sf,J + S[,J + S[,J , (D.IO) 



where 



Sf^f = - fdk k^{k)- i dzp{z,z)dUe'''^{z,z) , 

S[^f = Jdk k^^k)- J dh p{z,z)dUdUe'''^{z,z) 

-i J dk k^k)^l d'^z p{z,z)ddUe'''^{z,z) , 

Sf.^ = - I dz dp^U) = fdk $(A;)- / dw —-^ -I oe'''^(w,w) 

^'^> 77 JdR ^ ' J ^ \ JdR w{l + wiD) ^ ' 



(D.ll) 



Where / o is the conformal transformation of under inversion l{z) = 1/z. dR is the 
boundary of the coordinate patch {z,z). We are interested in computing the following 
correlation function: 



where • • • includes operators inside the universal sector. Notice that all the operators 
appearing in (D.ll) are themselves inside the universal sector. Therefore using the result 
of the previous appendix we conclude: 

Ar=o 

The operators in S^^J and S^J necessarily involve [/-derivatives. Since such operators 
can contract only with ^-derivatives, which are not available in sufficient number, the 
contribution of such terms drop off from the above correlator. This implies: 

oo (_'\\N ^ 

(•••)!%) - ES^(---(^f3n yj%- (D-14) 
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To compute this we first notice that S^^J involves a line integral along dR, which is a 
collection of circles Cj's around the insertions included in • • • which are at finite values of 
{z, z) and a circle Coo around the point z — oo {w — 0) which can also support an insertion 
from • • •. Since e**^*^ can not be contracted with any operators in • • •, contributions will 
come only from Coo- K is then straightforward to establish the result (3.21) by evaluating 
the necessary residues. 

The fact that the final result does not depend on the choice of p follows from the same 
reasoning as in the case of constant dilaton. This, however, is not as straightforward as 
presented here in case of a correlation functions with non-universal operators. In that 
case the contributions from and S^J are not necessarily zero. Out of these two, S^J 
is sensitive to the local variation of the Weyl factor. The second term in its expression 
in (D.ll) is zero by the equation of motion: ddU — 0. This holds in the full pp-wave 
CFT because of which one can always fix the light-cone gauge for such backgrounds. 
Moreover ddU does not contract with e'^'^^ . This is true in fiat background and does not 
get spoiled in presence of the interactions given by AC^^ in eq.(3.7). Prom the structure 
of the world-sheet operator appearing in the first term in we infer that it contributes 
to the uu component of the metric beta function. In fact it corresponds to the term 
in the equation of motion in (4.4). In the above analysis we have considered the Weyl 
dependence of only S^'^ and therefore this is the only contribution expected. Considering 
the complete Weyl dependence one expects this contribution to go away due to the space- 
time equation of motion. -S'^^^, on the other hand, receives contributions only from the 
boundaries of the punctured sphere. Such effects need to be handled with more care 
in a generic situation by considering the complete Weyl dependence including that of 
the insertions at the punctures. However, such issues can be neglected for correlation 
functions involving only the universal sector operators. 

E Field Redefinition and Gauge Transformation 

Here we shall first find the higher order terms in the field redefinition (4.6) given by the sec- 
ond rank tensor and vector fields: fj^^ihp^, bp^, dpD), fl^{hpa, bp^, dpD) and {hpa, bp^, dpD) 
when the off-shell field configurations are restricted to the pp-wave ansatz in eq.(4.3). In 
particular, by using arguments similar to that in [19] we shall show that the only non-zero 
component is as given in eq.(4.7). Later we shall also discuss the gauge symmetries of 
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EFT and CSFT and how they are related to this field redefinition. 

In order to find the /-fields appearing in eqs.(4.6) we first notice that all such fields 
should necessarily be expressible in terms of the non-zero components in the background 
pp-wave ansatz in (4.3), Christoffel connection and derivatives. The only non-zero com- 
ponents of the Christoffel connection are [17], 

"p/i rtv rtv rtv "p/ "p/ /rp i \ 

^ vp ^ ^ UU ■> ^ ul ■> ^ IJ ■> ^ UU ■> ^ uJ ■ \^-^) 

It turns out that a covariant u index can not be contracted [19]. This is because the 
background inverse metric (A. 7) allows contraction only with a covariant v index and a 
non-zero field with a covariant v index can not be constructed in this case. It is also not 
possible to construct a field without a covariant u index. Because of this and the fact that 
all the /-fields are necessarily higher order in the functions appearing in (4.3) we conclude 
that any non-zero /-field (1) should have at least one covariant u index, (2) should have no 
covariant v index, (3) can not have a non-zero covariant u index if it is a vector. Therefore 
the only nonzero /-fields are: /^y, /^j and /^j. Let us first consider /^„. Because of the 
same reasons mentioned above it must be quadratic in fields. Any higher order term 
necessarily has more than two covariant u indices. Therefore the allowed expression for 
/,^jj is precisely given by K,2{Ai,Bi,delu^) as described below eq.(4.7). Using similar 
reasoning one can argue that /^j and f^j can at most be linear in fields and therefore 
must be zero. 

We shall now discuss the gauge symmetries of the EFT and CSFT. Although the gauge 
transformations are understood on the EFT side, they are not fully known on the CSFT 
side. After integrating out all the massive modes the CSFT gauge transformations for the 
massless fields take complicated form in general. But in our case, since we know the form 
of the complete field redefinition, we shall find the relevant CSFT gauge transformations 
fully. Once the expression for K,2{Ai, Bj, d^^) is computed through the CSFT computa- 
tion as indicated in sec. 4.2, such gauge transformations will be completely known and it 
should be possible to verify them explicitly in CSFT. 

We begin by discussing the gauge symmetries on the EFT side. This theory possesses 
gauge invariance under the anti-symmetric tensor gauge transformation (TGT) and gen- 
eral coordinate transformation (GCT). The infinitesimal form of TGT, parameterised by 
C,t,{u,v,x), is given by, 

5^h^r. = d^C - duC,. , Sfg^. = , 6^D = . (E.2) 
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Since the only non-zero gauge invariant background flux components are Huij — Hij{u, x) 
(see eqs.(2.2)), the components buv, Ki and 6/j should at most be pure gauge with the only 
remaining non-trivial components being bui{u,x). The pure gauge components are set to 
zero by using the gauge freedom corresponding to the components Q and (j. Therefore 
the non-trivial component of the residual gauge transformation, parameterised by: (^'^'^ = 
{Cu{% x)Xv = 0, 6 = 0), is given by: 

5l'%u = 5/6 ■ (E.3) 
The inflnitesimal form of GCT, parameterised by ^^(m, is given by, 

5^D = i^dpD, (E.4) 

A part of this gauge invariancc is broken by the ansatz in (4.3). The non-trivial compo- 
nents of the residual transformations are parameterised by: ^^^^ = {iu{u,x),^y = 0,6(m)) 
and can be shown to take the following form: 



5f'h^i = -d'Ejij, (E.5) 

The residual gauge transformations in (E.3, E.5) should leave the equations of motion 
(4.4) invariant. It is straightforward to see this for (E.3). The transformation in (E.5) 
implies, 

5f^{dlK - 2d'd^A:) = d^idlK - 2d'd^A:)iK , 

5f'Fij = d^FjjiK , Sf'Hij = d^'HuiK , (E.6) 

Using these transformations one can show that, as expected, the variation of the equations 
of motion in (4.4) is zero. It is straightforward to sec this for the first two equations. The 
variation of the left hand side of the last equation in (4.4) gives. 



■ (E.7) 



By the same equation of motion, the expression inside the square bracket is dependent 
only on u and therefore the result is zero. 
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The residual gauge invariance in (E.3, E.5) and the field redefinition (4.6, 4.7) de- 
termine the form of the gauge transformations on the CSFT side. We shall now discuss 
this systematically and finally come up with certain results that need to be verified with 
exphcit CSFT computations, which we leave for future work. The infinitesimal gauge 
transformation of the full CSFT is given by: 

oo -1 

where |A) is the ghost number one infinitesimal gauge transformation parameter and we 
have absorbed a factor of k. in it with respect to [13]. The above equation encodes the 
gauge transformation of all the higher massive fields. We are, however, interested in the 
transformations of the dynamical masslcss components only once all the massive ones 
have been integrate out by using their equations of motion. Generically this procedure 
leads to a complicated form of the gauge transformation for the massless fields on the 
CSFT side. It was shown in [14] that taking. 



(E.9) 



and interpreting C, and ^ to be the Fourier transforms of C, and ^ respectively the gauge 
transformation in (E.8) reproduces the gauge transformations in (E.2, E.4) at the lin- 
earised level. It means that, as expected, the complications come from the higher order 
terms in (E.8). Therefore the general form of the relevant gauge transformations can be 
written as: 



5^h,,^m, 5^5^, = 9^^, + 9,^^ + e(f2 , (^^L'^e^^), (E.io) 



where all the higher order terms given by A's and 0's are linear in and respectively, 
but can depend on the massless fields h^y, hfj,i, and d^D to arbitrarily high order. The 
gauge transformation parameters and are same as C,^ and in (E.2, E.4) respectively 
at the linearised level: 

C,^U + ^f, i, = i, + Qf, (E.ii) 

where A^^^ and ©j^^^ contain all the higher order terms. These contributions are also linear 
in the gauge transformation parameters appearing in the superscripts, but can depend 
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on the massless fields to arbitrarily high order. However, as we shall see below, for our 
off-shell pp-wave ansatz the A's and O's in eqs.(E.lO) are at most quadratic and those in 
eqs.(E.ll) are at most linear in the massless fields. 

Let us begin with TGT. The residual gauge transformation is parameterised by: C^i^'^ = 
^res _|_ ^iC"')^ where C^^* has been given above eq.(E.3). Since Aj^'^"") has to be linear in 
(Jj^^ and at least linear in the massless fields, there is no way to construct this. Also the 
field redefinition relating bui and bui is trivial in this case. Therefore the first equation in 
(E.IO) reduces to, 

S^bi^ = diCu , Cu^Cu- (E.12) 

However, for GCT the residual transformation parameter: = i'l^*^^ = {iu^CvTii), 
where ^^'^^ is given above eq.(E.5), can take the following form: 

^u{u, x) = iu{u, x) + LJ{u, x)ii{u) , ^v^O : 6 = 6, (E.13) 

where Lui is linear in Aj and/or Bj but may contain arbitrarily high powers of trans- 
verse laplacian. This and the field redefinition (4.6, 4.7) determines the residual gauge 
transformation completely. 

5l''b^i = d'Bj^j, (E.14) 

where K,'^^''^ and K,^^^^ are defined to be, 

(5a/C2 = KS^^^5Ai , 5b1C2 = K^^^^dBi , (E.15) 

and therefore are linear in massless fields. This shows that the transformations in (E.14) 
are at most quadratic in massless fields. Therefore to verify this in CSFT one needs to 
compute the right hand side of (E.8) up to at most = 4. However, it was pointed out in 
[14] that a certain trivial symmetry of the CSFT action needs to be considered in addition 
to the pure gauge transformation in (E.8) in order to realise TGT and GCT of the EFT 
completely at higher order. Therefore the transformations in (E.14) may not be obtained 
entirely from (E.8). It would be interesting to understand this explicitly through CSFT 
computations. 
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